Abstract. In a graph G, k disjoint paths joining a single source and k distinct sinks that cover all the vertices in the graph are called a one-tomany k-disjoint path cover of G. We consider a k-disjoint path cover in a graph with faulty vertices and/or edges obtained by merging two graphs H0 and H1, |V (H0)| = |V (H1)| = n, with n pairwise nonadjacent edges joining vertices in H 0 and vertices in H 1 . We present a sufficient condition for such a graph to have a k-disjoint path cover and give the construction scheme. Applying our main result to interconnection graphs, we observe that when there are f or less faulty elements, all of recursive circulant G(2 m , 4), twisted cube T Qm, and crossed cube CQm of degree m have k-disjoint path covers for any f ≥ 0 and k ≥ 2 such that f + k ≤ m − 1.
Introduction
Usually a measure of reliability (or fault-tolerance) of an interconnection network is given by the maximum number of nodes which can fail simultaneously without prohibiting the ability of each fault-free node to communicate with all other fault-free nodes. Connectivity of an interconnection graph corresponds to the reliability of the interconnection network which is subject to node failures.
It is well-known that connectivity of a graph G was characterized in terms of disjoint paths joining a pair of vertices in G. According to Menger's theorem, a graph G is k-connected if and only if for every pair of vertices s and t, G has k disjoint paths (of type one-to-one) joining them. It is straightforward to verify that a graph G is k-connected if and only if G has k disjoint paths (of type one-to-many) joining every source s and k distinct sinks t 1 , t 2 , . . . , t k such that t i = s for all 1 ≤ i ≤ k.
Sometimes "restricted" one-to-many disjoint paths joining a source s and k distinct sinks t 1 , t 2 , . . . , t k are required. When we analyze Rabin number [1] of a graph G, we are to find k disjoint paths P 1 , P 2 , . . . , P k such that max{l i } is as small as possible, where P i is an s-t i path of length l i , 1 ≤ i ≤ k. A star-like tree [2] is a subdivision of a star, a tree with only one vertex which is not an endvertex. Given a source s and lengths l 1 , l 2 , . . . , l k of k paths, the star-like tree problem is essentially to find one-to-many disjoint paths joining s and some k sinks whose lengths are l 1 , l 2 , . . . , l k , respectively. Given a source s and a set of k sinks T = {t 1 , t 2 , . . . , t k } in a graph G, we are concerned with one-to-many disjoint paths P 1 , P 2 , . . . , P k in G joining s and T that cover all the vertices in the graph, that is, 1≤i≤k V (P i ) = V (G) and V (P i ) ∩ V (P j ) = {s} for all i = j. Here V (P i ) and V (G) denote the vertex sets of P i and G, respectively. We call such k disjoint paths a one-to-many k-disjoint path cover (in short, one-to-many k-DPC) of G.
Embedding of linear arrays and rings into a faulty interconnection graph is one of the central issues in parallel processing. The problem is modelled as finding as long fault-free paths and cycles as possible in the graph with some faulty vertices and/or edges. A graph G is called f -fault hamiltonian (resp. ffault hamiltonian-connected) if there exists a hamiltonian cycle (resp. if each pair of vertices are joined by a hamiltonian path) in G\F for any set F of faulty elements such that |F | ≤ f . For a graph G to be f -fault hamiltonian
To a graph G with a set of faulty elements F , the definition of a one-to-many disjoint path cover can be extended. Given a source s and a set of k sinks T = {t 1 , t 2 , . . . , t k } in G\F , a one-to-many k-disjoint path cover joining s and T is k disjoint paths P i joining s and In this paper, we will show that we can always construct f -fault one-to-many k + 1-DPC in H 0 ⊕ H 1 by using f -fault one-to-many k-DPC of H i and faulthamiltonicity of H i , i = 0, 1. Precisely speaking, we will prove the following. 
By applying the above theorem to interconnection graphs, we will show that all of recursive circulant G(2 m , 4), twisted cube T Q m , and crossed cube CQ m of degree m are f -fault one-to-many k-disjoint path coverable for every pair of
In this section, we will prove Theorem 1 by constructing a one-to-many k + 1-DPC in H 0 ⊕ H 1 when the number of faulty elements is f or less. Since each H i satisfies the condition (c) of Theorem 1, it is necessary that
where δ = min{δ 0 , δ 1 }. We assume w.l.o.g. that the source s is in H 0 , and there
We assume that {t 1 , t 2 , . . . , t k 1 } is the set of sinks in H 1 . We denote by F the set of faulty elements in 
Before going on, we need some definitions and notation. For a vertex v in H 0 ⊕H 1 , we denote byv the vertex adjacent to v which is in a different component
∈ T , and v / ∈ F . A free bridge of a vertex w is the path (w,w) of length one ifw / ∈ T ,w / ∈ F , and (w,w) / ∈ F ; otherwise, it is a path (w, v,v) of length two such that v =w, v and v are free vertices, and (w, v), Proof. There are at least δ + 1 candidates for a free bridge of w, and at most f + k + 1 elements "block" the candidates. For the source w, at most f faulty elements and k + 1 sinks form blocking elements. For a sink w, blocking elements are faulty elements, k sinks (excluding w itself), and the source. Since f + k ≤ δ − 1, the lemma is proved.
We define L to be a set of edges joining a sink w in H 1 andw in H 0 different from s such that (w,w) is not the free bridge of w. That is,
An edge (w,w) in L is called matched and its endvertices are called matched vertices. We denote by f L 2 be the number of matched faulty edges, faulty edges in L. We let l = |L|. Then,
Ifs ∈ T and (s,s) ∈ F , we let α = 1; otherwise, let α = 0. Obviously,
First we will construct f -fault one-to-many k + 1-DPC for the case of k 1 ≥ 1, and then we will consider the case of k 1 = 0 later in Section 2.3. Construction I gives an f -fault one-to-many k + 1-DPC unless the following conditions of C1, C2, and C3 are satisfied:
C1: 
Construction I
UNDER the condition of k 1 ≥ 1. UNLESS C1, C2, and C3
Find a free bridge of s and free bridges B j = (t j , . . . , t j ) of t j for all j, 2 ≤ j ≤ k 1 . They should be pairwise disjoint. 3. When (s,s) is the free bridge of s:
-Merge the k-DPC and the hamiltonian path obtained in the previous step with the edge (s,s) and the free bridges B j , 2 ≤ j ≤ k 1 . 4. When (s,s) is not the free bridge of s: Let (s, x, y) be the free bridge of s.
4.1 When (s,s) / ∈ F ,s ∈ T , and k 1 ≥ 2: Let z be t 1 ifs = t 1 ; otherwise, let z be t 2 . Ifs = t 1 , we assume w.l.o.g. thats = t 2 .
-Merge the k-DPC and the hamiltonian path obtained with the edges (s,s), (x, y) and the free bridges
-Merge the k-DPC and the hamiltonian path obtained with the edge (x, y) and the free bridges B j , 2 ≤ j ≤ k 1 .
When we find a k-DPC or a hamiltonian path, sometimes we regard some fault-free vertices and/or edges as faulty elements. They are called virtual faults. For example, in step 4.2 of Construction I, the vertex x is a virtual fault when we find a k-DPC, and F is a set of virtual faults when we find a hamiltonian path.
The existence of pairwise disjoint free bridges in step 2 of Construction I can be shown by extending Lemma 1. The proof is omitted in this paper.
Lemma 2. We can always find k-DPC's of H 0 in step 3, 4.1, and 4.2 of Construction I.
Proof. In each step, the number of sinks is k and the number of faulty elements including virtual faults is at most f . The k-DPC's can be found since H 0 is f -fault one-to-many k-disjoint path coverable. 
The equality holds only when
and thus there exists a hamiltonian path between every pair of fault-free vertices in H 1 . When l +α < 2, that is, l = 1 and
This completes the proof.
Let us consider the case that satisfies C3. Obviously, k 1 ≥ 2. Observe that for every free vertex w( =s) in H 1 , (w,w) is a free bridge of w.
Construction II

UNDER the condition C3
1. Let t 1 be a sink as defined in step 1 of Construction I. 2. Find a free bridge of s and free bridges B j = (t j , . . . , t j ) of t j for all j, 2 ≤ j ≤ k 1 . They should be pairwise disjoint. 3. When (s,s) is the free bridge of s (α = 0, l ≥ 2): We assume that t 2 is a matched sink. path (y, . . . , t 2 , z, . . . , t 1 ). -Find k-DPC[s, {t 4 , . . . , t k 1 , t k 1 +1 , . . . , t k+1 } ∪ {x,z}|H 0 , F 0 ] . -Merge the k-DPC and the hamiltonian path with the edges (s,s), (x, y), (z, z) and the free bridges B j , 4 ≤ j ≤ k 1 . 4.2 When (s,s) ∈ F ors ∈ F : Let t 2 be a matched sink ifs / ∈ T ; otherwise, let t 2 bes. Note that the hamiltonian path (y, . . . , t 2 , z, . . . , t 1 ). -Find k-DPC[s, {t 3 , . . . , t k 1 , t k 1 +1 , . 
Hereafter in this section, we will construct f -fault one-to-many k + 1-DPC's for two exceptional cases of C1 and C2 and for the case of k 1 = 0.
When C2:
The condition C2 is equivalent to that k 0 + (f 0 + f 2 ) ≤ 1. When (s,s) is not the free bridge of s, we denote by (s, x, y) the free bridge of s. Let v be the endvertex of the free bridge of s in H 1 . Of course, v =s if (s,s) is the free bridge of s; otherwise, v = y. We let
is the free bridge of s; {x}, if at least one of (s,s) ands are faulty.
We first consider the case thats is a free vertex or a faulty vertex. We find
, and then merge the k-DPC and the hamiltonian path with the free bridge of s and the edges (z j , z j ) for all 2 ≤ j ≤ k + 1. The existence of a hamiltonian path in H 1 and a k-DPC in H 0 is straightforward.
For the remaining case thats is a sink, we let t 1 =s. Find a hamiltonian cycle (t 2 , . . . , z) and Q 2 = (t 3 , . . . , u) be two disjoint paths such that C = (Q 1 , Q 2 ) . Find k-DPC[s, {z,ū,t 4 , . . . ,t k+1 }|H 0 , ∅] , and then merge the k-DPC and C with the edges (s,s), (z, z), (ū, u), and (t j , t j ) for all 4 ≤ j ≤ k +1.
Case 2: f 0 + f 2 = 0 and k 0 = 1.
Let t k+1 be the sink in H 0 . We consider the case thats is either a free vertex or a faulty vertex first. We find k-DPC [v 
It is easy to observe the existence of two k-DPC's.
Whens ∈ T , we let t 1 =s and assume w.l.o.g. thatt j = t k+1 for all
, and then merge the k-DPC and C with the edges (s,s), (z, z), and (t j , t j ) for all 3 ≤ j ≤ k.
We assume w.l.o.g. that (t 1 ,t 1 ) is the free bridge of t 1 . Let us first consider the case that either (s,s) is a free bridge of s or at least one of (s,s) ands are faulty elements. We find
The existence of the k-DPC is due to the fact that |F | = 1 if and only if f 1 + f 2 ≥ 1 (equivalently, f 0 ≤ f − 1). Finally, we merge the two k-DPC's with the free bridge of s and the edges (t 1 , t 1 ), and (z j , z j ) for all 2 ≤ j ≤ k. Now, (s,s) is a fault-free edge ands is a sink. We let t 1 =s. Find k-DPC[y, {t 2 , . . . , t k+1 }|H 1 , F 1 ∪ {t 1 }] , and let the y-t j path in the k-DPC be (y, z j , . . . , t j ), 2 ≤ j ≤ k + 1. We assume w.l.o.g. that (z j ,z j ) is the free bridge of z j for every 2 ≤ j ≤ k. We find k-DPC[s, {z 2 , . . . ,z k } ∪ {x}|H 0 , F 0 ]. Finally, we merge the two k-DPC's in a very similar way to the previous case.
When C1:
, such that the s-t j path P j in the k-DPC passes through at least two vertices z and u adjacent to s satisfying (s, z), s, z, . . . , x, u, . . . , t j ). We redefine P j to be P j = (s, Q 2 ) = (s, u, . . . , t j ), and construct s-t 1 path in a way that P 1 = (Q 1 ,x, H[x, t 1 |H 1 , ∅] ). All the s-t j paths form a k + 1-DPC in H 0 ⊕ H 1 . 
When
